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Abstract 

The energy conditions give upper bounds on the luminosity distance. We apply these upper 
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bounds to the 192 essence supernova la data to show that the Universe had experienced accelerated 
expansion. This conclusion is drawn directly from the distance modulus-reshift graph. In addition 
to be a very simple method, this method is also totally independent of any cosmological model. 
From the degeneracy of the distance modulus at low redshift, we argue that the choice of wq for 
probing the property of dark energy is misleading. One explicit example is used to support this 
argument. 

PACS numbers: 98.80.-k,98.80.Es 



*Electronic address: gongyg@cqupt . e du. cn| 
^Electronic address: anzhong'wang@baylor.edu 
^Electronic address: qiang'wu@baylo rTedu| 
5 Electronic address: zyz@it p7ac.cn| 



1 



I. INTRODUCTION 



Ever since the discovery of the accelerated expansion of the Universe by the supernova 
(SN) la observations many efforts have been made to understand the mechanism of 
this accelerated expansion. Although different observations pointed to the existence of dark 
energy which has negative pressure and contributes about 72% of the matter content of the 



Universe 



the nature of dark energy is still a mystery to us. For a review of 
dark energy models, one may refer to Ref. [3]. 

Due to the lack of a satisfactory dark energy model, many parametric and non-parametric 



model-independent methods were proposed to study the 



geometry of the Universe 
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361 ] . In the reconstruction of the deceleration parameter 



qiz\ it was found that the strongest evidence of acceleration happens at redshift z ~ 0.2 
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10, [TJJ. The sweet spot of the equation of state parameter w(z) was found to be 



around the redshift z ~ 0.2 — 0.5 111 
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The energy conditions were also used to study the expansion of the Universe in 
The energy condition p + 3p > is equivalent to q(z) > 0, and the energy condition p+p > 
is equivalent to H < for a flat universe. These conditions give lower bounds on the Hubble 
parameter H(z), and therefore upper bounds on the luminosity distance. These bounds can 
be put in the distance modulus-redshift graph to give direct model independent evidence 
of accelerated expansion. On the other hand, to the lowest order, the luminosity distance 
di,[z) is independent of any cosmological model. In the low z region (z < 0.1), d^{z) is 
degenerate. So different dark energy models will give almost the same di(z) in the low z 
region and the current value wq of w(z) is not well constrained. That is the main reason 
why the sweet spot is found to be around z ~ 0.3. In this paper, we compare two dark 
energy models which differ only in the low z region to further explain the consequence of 
the degeneracy. 

This paper is organized as follows. In section II, we apply the energy conditions to the 
flat universe to show model independent evidence of accelerated expansion. In section III, 
we use two dark energy models to argue as to why the value of wo is not good for exploring 
the property of dark energy. The energy conditions are applied to the non-flat universe in 
section IV. In section V, we conclude the paper with some discussions. 
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II. DISTANCE MODULUS REDSHIFT GRAPH 



The strong energy condition p + 3p > and p + p > tells us that 

q(t) = -d/(aH 2 ) > 0, H - A < (1) 

The Hubble parameter H(t) = a/a and the deceleration parameter q(t) are related by 
the following equation, 



H(z) = H exp 



[1 + q(u)]dln(l + u) 



(2) 



where the subscript means the current value of the variable. Therefore, the strong energy 
condition requires that 

H(z)>H (l + z), (3) 

and 



H(z) > H ov /l - n k + n k (l + z)\ (4) 

for redshift z = a /a — 1 > 0. Note that the satisfying of Eq. ([3]) guarantees the satisfying 
of Eq. (jlj). Although Eq. d3J) is derived from Eq. ([T]), they are not equivalent. Due to the 
integration effect, we cannot derive Eq. from Eq. ([3]). If the strong energy condition 
is always satisfied, i.e., the Universe always experiences decelerated expansion, then there 
is a lower bound on the Hubble parameter given by Eq. ([3]). When Eq. (jHJ) is violated, 
we conclude that the Universe once experienced accelerated expansion. On the other hand, 
if the Universe always experiences accelerated expansion, then there is an upper bound on 
the Hubble parameter. So if the Hubble parameter satisfies Eq. (j3J), then we conclude 
that the Universe once experienced decelerated expansion. The satisfying of Eq. (j4]) means 
that the Universe has experienced non-super-acceleration for a flat universe. From the 
above discussion, it is clear that these energy conditions can be used to show the evidence of 
acceleration and super-acceleration in the luminosity distance redshift diagram. We consider 
a flat universe first. The luminosity distance is 

The extinction-corrected distance modulus p(z) = 51og 10 [c?i(2;)/Mpc] + 25. Substitute Eqs. 
(J3]) and (jlj) into Eq. (jSJ), we get the upper bounds on the luminosity distance 



H d L (z) < z(l + z), H d L (z) <(l + z) ln(l + z). 



(6) 



Again, Eq. (JS)) is derived from Eq. (pQ), but Eqs. ([I]) and (jSJ) are not equivalent because 
the luminosity distance involves integration. To understand the integration effect, we use 
the ACDM model as an example. For ACDM model, the Universe experienced accelerated 
expansion in the redshift region z ^ 0.76 and decelerated expansion in the redshift region 
z ^ 0.76. In other words, the strong energy condition is violated in the redshift region 
z p$ 0.76, and satisfied in the redshift region z > 0.76. We plot the distance modulus fi{z) 
for the ACDM model in Fig. [TJ From Fig. [TJ we see that fi(z) for the ACDM model is 
outside the bound given by the lower solid line up to the redshift z ~ 7. Of course, this 
does mean that we see the evidence of acceleration for the ACDM model in the high redshift 
region z ~ 7. In particular, from this graph it is incorrect to conclude that the strong 
energy condition was first violated billions of years ago, at z > 1 in [3^] . For more detailed 
discussions on the integration effects, see Ref. 40j. What we can conclude from this graph 



are: (a) The strong energy condition Eq. (pQ) leads to the upper bound Eq. (JS)) on the 
luminosity distance, and the violation of Eq. (CQ) leads to the violation of Eq. (J6j). (b) The 
satisfying of the upper bound Eq. ([6]) on the luminosity distance does not necessarily mean 
the satisfying of the strong energy condition, and the violation of Eq. ([6]) does not mean 
the violation of the strong energy condition, (c) The violation of Eq. (Q implies that the 
strong energy condition was once violated, but not always violated, (d) If the upper bound 
Eq. is satisfied, then the strong energy condition Eq. ([1]) was once satisfied, but not 
necessarily always satisfied. 

Now we are ready to apply the upper bounds ([6]) to the discussion of the acceleration of 
the Universe. We plot these upper bounds on /j,(z) in Fig. [2] The lower solid line corresponds 
to q(z) = and the upper solid line corresponds to H = 0. If the Universe always experiences 
decelerated expansion, then the distance modulus always stays in the shaded region. If some 
or all SN la data are outside the shaded region, it means the Universe has accelerated once 
in the past. On the other hand, if the Universe always experiences accelerated expansion, 
then the distance modulus always stays above the lower solid line. If all the SN la data 
are inside the shaded region, it means that the Universe has once experienced decelerated 
expansion, but it does not mean that the Universe has never accelerated. Therefore, we can 
see the evidence of acceleration from the distance modulus graph directly without invoking 
any cosmological model or any statistical analysis. The ESSENCE SN la data {4] is used to 
show the evidence of acceleration. In Fig. [2} we show all the ESSENCE SN la data with 
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FIG. 1: The distance modulus /J,(z). The dash-dotted line corresponds to the ACDM model with 
£l m = 0.27. The solid line corresponds to the bound from the strong energy condition. 

la error bars. The binned ESSENCE SN la data is shown in Fig. [3j In Fig. HI we re-plot 
Fig. [2] in the redshift range 0.4 < z < 1.3. From Figs. [2]- HI it is evident that the Universe 
had accelerated in the past because there are substantial numbers of SN la lying outside the 
shaded region. We would like to stress that this conclusion is totally model independent. 
There is no model or parametrization involved in this conclusion. The assumptions we use 
are Einstein's general relativity and the Robertson- Walker metric. For comparison, we also 
show the model Q m = 1 (the dashed line) and the ACDM model with Q m = 0.27 ± 0.04 
(the dash dotted line); the la error is shown in the shaded region around the dashed dotted 
line. Note that due to integration effect, even if some high z SN la data are outside the 
shaded region, it does not mean that we see evidence of acceleration in the high z region. It 
is wrong to conclude that the strong energy condition is violated in the high redshift region 
z > 1. The correct conclusion is that the strong energy condition was once violated in the 
past. 
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FIG. 2: The distance modulus fJ-(z). The solid lines denote the bounds from the energy conditions. 
The dashed line corresponds to the model Q m = 1 and the dash-dotted line is for the ACDM 
model. 



We may wonder about the low z data. From Fig. [2j we see that fi(z) is almost independent 
of any model. In fact, to the lowest order, d L (z) = H z. Because the data are given with 
arbitrary distance normalization, so H for this data can be determined from the nearby 
supernova data z < 0.1 with di(z) = Hqz. We find that Hq = 64.04 and this value is used. 
Because fi(z) is almost degenerate in the low redshift region z < 0.1, a current property 
of dark ene rgy like wojs_not well determined from the SN la data. This was discussed in 
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171 ] with the help of the sweet spot of w( 



III. PROPERTIES OF DARK ENERGY 



In this section, we use a simple example to show that the choice of wq is not a good one 
for exploring the property of dark energy. We use two models to show this. The two models 
have the same behaviors at z > z c and different behaviors at z < z c , where z c is arbitrary 
and small. The first dark energy parametrization that we consider is jl8 ] 

w a z 



w(z) = w + 



l + z 



(7) 
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0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 



Redshiftz 

FIG. 3: The distance modulus fx(z). The solid line corresponds to q(z) = 0. The SN la data is the 
binned ESSENCE data with la error. 
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FIG. 4: The distance modulus /j,(z) in the redshift region 0.4-1.3. 
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The dimensionless dark energy density is 



Vde(z) = n DE0 (l + z)^ 1+Wo+w ^ exp[-3w a z/(l + z)}. 



(8) 



By fitting this model to the essence data [4j, we find that x 2 = 195.07, Vt m = 0. 35^^35, 
wo = — l.lli ; 93 and w a = — 1.17^ 7 6 4 8 . If we fix VL m = 0.27, then the best fit results are 
X 2 = 195.17, Wo = —1.12 ± 0.44 and w a = 0.59~t 2 'l 2 - From the Fisher matrix estimation, 
we find the sweet spot is around z = 0.21. If we fix Q m = 0.27 and w a = 0.59, then 
wo = -l.Utoil (la) t° fo (2a) toil (3a). We plot the distance modulus for this model with 
Q m = 0.27, wo = -1.12 and w a = 0.59 in Fig. [51 

The second dark energy parametrization that we consider is 



where w^ = (wq — w\)j z c + w a /(l + z c ). The dimensionless dark energy density is 



where Vt DEi = tt DE0 (l + Zc f(m-w 2 -m-w a ) exp[3z c (iB 2 + u; /(l + 2 c ))]. We choose Vt m = 0.27, 
w = -1.12, w a = 0.59 and z c = 0.1. If we take w x = -2.5, we get x 2 = 197.90. If 
w 1 = -2.0, x 2 = 196.12. If w t = -1.5, x 2 = 195.21. If Wl = -0.5, x 2 = 196.49. If 
Wl = -0.4, x 2 = 196.88. In the first model we find -1.43 < w < -0.85 at the 3a level. 
However, w\ = —0.4 and w\ = —2.0 are just a little more than la away from wo = —1.12. 
So we conclude that w(z = 0) is not well constrained by the SN la data. The distance 
modulus for this model with w\ = —0.4 and W\ = —2.0 are shown in Fig. [51 In Fig. [61 we 
plot the differences between the model ([9]) and the model (jTj) for w\ = —0.4 and w\ = —2.0. 
For completeness, we also vary z c in the model and compare the 2a error of w% with that 
of Wo for different choice of z c . We plot the result in Fig. [71 For bigger z c , the difference 
becomes smaller which is consistent with the appearance of the sweet spot around z = 0.21. 
At lower redshift, the models become more degenerate and the error bar of w(z) becomes 




(9) 




(10) 



bigger. 
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FIG. 5: The distance modulus fj,(z) with Q. m = 0.27, w$ = —1.12 and w a = 0.59. The solid line is 
for the model ([7]). The dashed lines are for the model Q with w\ = —0.4 and w\ = —2. 
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FIG. 6: Afi(z) between the models (J7|) and Q. The upper curve is for w\ = —2 and the lower 
curve is for w\ = —0.4. 
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FIG. 7: The 2a lower value of w\ normalized by the 2a lower value of wq as a function of z c . 
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FIG. 8: The upper bounds on [i{z) from the energy conditions. The solids line correspond to the 
flat universe Qk = 0. The shaded regions around these two lines correspond to &k = ±0.1. 
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IV. NON-FLAT UNIVERSE 



When k 7^ 0, the luminosity distance becomes 

l + z . 



djiz) 



=smn 



dz' 
Wz 1 



(11) 



where sinn(y \k\x)/y \k\ = sin(x), x, sinh(a;) if k — 1, 0, — 1. Substitute the lower bounds 
on H(z) in Eqs. ([3]) and (jl]) into Eq. (TTTj) . we get upper bounds on d^{z). We plot the 
upper bounds for p(z) in Fig. [HJ In this plot, we choose — ±0.1 which satisfies the 
observational constraint. From Fig. [HJ we see that even with Qk as large as ±0.1, it is 
evident that the Universe had experienced accelerated expansion. 



V. DISCUSSION 

The energy conditions p + 3p > and p + p > give lower bounds ([3]) and (j4|) on 
the Hubble parameter H(z), and upper bounds on the distance modulus. If some SN la 
data are outside the region bounded by Eq. ([3]), then we conclude that the Universe had 
experienced accelerated expansion. In other words, the distance modulus-redshift graph can 
be used to provide direct model independent evidence of accelerated and super-accelerated 
expansion. If some SN la data are outside the region bounded by Eq. (jlj), then we conclude 
that the Universe experienced super-accelerated expansion for a flat universe. Unlike the 
usual parametrization methods, there is no statistical analysis involved; all we need to 
do is to put the SN la data in the distance modulus-redshift graph and see if there are 
substantial numbers of SN la data lying outside or inside the bound given by the strong 
energy condition. However, this direct probe does not provide us any detailed information 
about the acceleration, nor the nature of dark energy. Because the luminosity distance is 
an integral of the Hubble parameter, the distance modulus does not give us any information 
about the transition from decelerated expansion to accelerated expansion. As we see from 
the ACDM model in Fig. [I], even when the Universe was experiencing decelerated expansion 
in the past, the distance modulus may still stay outside the bounded region for a while. Due 
to the same reason, the distance modulus may satisfy the lower bound when the Universe 
is accelerating [40]. The interpretation of the bounds on the distance modulus is very 
important. These bounds provide the evidence of acceleration or deceleration only, and 
they gave no information on how and when the acceleration happened. 

11 



At low redshift z < 0.1, the distance modulus is almost the same for all the cosmo logical 
models. For example, the difference of the distance modulus at z — 0.1 between the Q m = 1 
and — 1 models is 0.16. This is well within the current observational limit. It is even 
difficult for future nearby SN la observation to reach limit below this uncertainty due to 

:k energy 



intrinsic systematics and peculiar velocity dispersion. Therefore, the property of dar 
at low redshift cannot be well constrained. This point was discussed in [111 . 1 1 21 . 113 



i4, m 



16l . Il7j with the help of the sweet spot of w(z). We use two dark energy models which are 
identical at z > 0.1 and differ at z < 0.1 to further support this argument. From the model 
(I7j), we find that —1.43 < wq < —0.85 at the 3a level. At a little more than la level, we 
get —2.0 < w < —0.4 for the model (JHD- So the w -w a parameterizations do not provide 
definite information about the nature of dark energy. 

In conclusion, the energy conditions provide direct and model independent evidence of 
the accelerated expansion. The bounds on the distance modulus also provide some directions 
for the future SN la observations. Unfortunately, the method has some serious limitations. 
It does not provide any detailed information about the acceleration and the nature of dark 
energy. 
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